HOCHSCHILD COHOMOLOGY AND ATIYAH CLASSES

DAMIEN CALAQUE AND MICHEL VAN DEN BERGH

ABSTRACT. In this paper we prove that on a smooth algebraic variety the HKR-morphism
twisted by the square root of the Todd genus gives an isomorphism between the sheaf of
poly-vector fields and the sheaf of poly-differential operators, both considered as derived
Gerstenhaber algebras. In particular we obtain an isomorphism between Hochschild coho-
mology and the cohomology of poly-vector fields which is compatible with the Lie bracket
and the cupproduct. The latter compatibility is an unpublished result by Kontsevich.

Our proof is set in the framework of Lie algebroids and so applies without modification
in much more general settings as well.
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1. INTRODUCTION

In the body of the paper we will work over a ringed site over a field of charactristic zero k.
Thus our results are for example applicable to stacks. However in this introduction we will
state our results for a commutatively ringed space (X, Ox).

By definition a Lie algebroid on X is a sheaf of Lie algebras £ which is an O x-module and
is equipped with an action £ x Ox — Ox with properties mimicking those of the tangent
bundle (see §4.2 for a more precise definition). Throughout £ will be a locally free Lie
algebroid over (X, Ox) of constant rank d.

The advantage of the Lie algebroid framework is that it allows one to treat the alge-
braic/complex analytic and C'*°-case in a uniform way.

Example 1.1. The following are examples of (locally free) Lie algebroids.

(1) The sheaf of vector fields on a C°*°-manifold.
(2) The sheaf of holomorphic vector fields on a complex analytic variety.
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(3) The sheaf of algebraic vector fields on a smooth algebraic variety.
(4) Ox ®g where g is the Lie algebra of an algebraic group acting on a smooth algebraic
variety X.

Example 1.2. Assume that X is an affine integral singular algebraic variety. Then 7y is
not locally free. However it is always possible to construct a locally free sub Lie algebroid
L C Tx. So our setting applies to some extent to the singular case as well.

The Atiyah class A(L) of £ is the element of Ext) (£, £* ® x £) which is the obstruction
against the existence of an L-connection on £. The i’th (i > 0) scalar Atiyah class a;(£) is
defined as

Alt Tr(A(L)Y) € H' (X, (A'L)*)
In the C* or affine case we have a;(£) = 0 as the cohomology groups H*(X, (A'L)*) vanish.
If X is a Kahler manifold and £ is the sheaf of holomorphic vector fields then a;(7x ) coincides
with the i’th Chern class of Tx (see e.g. [16, (1.4)]).
The Todd class of L is defined as

td(£) = det(q(A(£)))

where
T

() = T =
One sees without difficulty that td(£) can be expanded formally in terms of a;(L).

The sheaf of L-poly-vector fields on X is defined as Tpﬁoly((’) x) = @;A'L. This agrees with
the standard definitions in case £ is one of the variants of the tangent bundle described in
the examples above. It is easy to prove that Tpﬁoly((’)x) is a sheaf of Gerstenhaber algebras
on X.

In the case that X is a C'*°-manifold Kontsevich introduced the sheaf of so-called poly-
differential operators on X. This is basically a localized version of the Hochschild complex.!
It is straightforward to construct a Lie algebroid generalization Dﬁoly((’)x) of this concept

as well (see [3] or §4.2.2). Like Tpﬁoly((’)x), DIl):oly(OX) is equipped with a Lie bracket and

an associative cupproduct but these operations satisfy the Gerstenhaber axioms only up to
globally defined homotopies (see e.g. [13]).

The so-called Hochschild-Kostand-Rosenberg map is a quasi-isomorphism between TpﬁOly (Ox)

and Dﬁoly((’)x) [3, 36]. This paper is concerned with the failure of the HKR-map to be com-

patible with the Lie brackets and cupproducts on T, pﬁoly((’)x) and Dgoly((’)x).

Let D(X) be the derived category of sheaves of k-vector spaces. This category is equipped
with a symmetric monoidal structure given by the derived tensor product. As indicated above

Dgoly(X ) is a Gerstenhaber algebra in D(X). We have the following result
Theorem 1.3. (see §10) The map in D(X)

HKR o(td(£)*/?

A=) DE (OX)

poly

(1.1) Ty (Ox)

is an isomorphism of Gerstenhaber algebras in D(X).
Applying the hypercohomology functor H*(X, —) we get

Corollary 1.4. The map

(1.2) P HI (X, NL)

,J

HKR o(td(£)Y/2A—)

H* (X, D1y (Ox))

poly
is an isomorphism of Gerstenhaber algebras.

It is not entirely trivial to make the Hochschild complex into a (pre)sheaf as the assignment U +—
C*(T'(U, Op)) is not compatible with restriction.
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Let us restrict to the setting where X is a smooth algebraic variety and £ = 7x. In that
case it follows from the proof of [32, Thm 3.1(1)] together with [20, Thm 7.5.1] that the
righthand side of (1.2) can be viewed as the Hochschild cohomology HH*(X) of X (in the
sense that it controls for example the deformation theory of Mod(Ox)). So we may rephraze
Corollary 1.4 as

Corollary 1.5. There is an isomorphism of Gerstenhaber algebras

(1.3) P B (X, A'Tx)

2]

HKR o(td(£)*/2A—)

HH*(X)

A version of this result which refers only to the cupproduct was proved by Kontsevich (see
[7, Thm 5.1]). For the cupproduct one can use Swan’s definition of Hochschild cohomology
28]

(1.4) HH!(X) = Ext’, +(Ox,O0x)
as Yekutieli [35, 36] shows that there is an isomorphism
(1'5) Hi(Xv DPOIY(OX)) - Eth(xX(OXaOX)

which is compatible with the cuppproduct on the left and the Yoneda product on the right.

Remark 1.6. The algebra isomorphism (1.3) is part of a more general conjecture by Caldararu
[7] which involves also the Hochschild homology of X. Other parts of this conjecture were
proved by Markarian and Ramadoss [22, 25].

Remark 1.7. The cupproduct on Tpﬁoly(OX) and Dgoly((’)x) is Ox-linear and hence these
objects can also be considered as algebras in D(Mod(Ox)). Likewise the map (1.1) can be
viewed as an isomorphism in D(Mod(X)).

The cupproduct on Tpﬂoly((’) x) is commutative and the cupproduct on leoly((’) x) is com-
mutative up to a homotopy given by the bullet product [13]. However the latter is not
Ox-linear. Hence Dgoly(OX) is not commutative in D(Mod(Ox)) and thus Theorem 1.3
does not hold in D(Mod(Ox)) even if we consider only the cupproduct.

This situation is reminiscent of the Duflo isomorphism Sg — Ug which only becomes an
algebra isomorphism after taking invariants. The analogue of taking invariants in our setting
is taking global sections.

We thank Andrei Caldararu for bringing this point to our attention.

If we look only at the Lie algebra structure we actually prove a result which is somewhat
stronger than Theorem 1.3. Let HoLieAlg(X) be the category of sheaves of DG-Lie algebras
with quasi-isomorphisms inverted.

Theorem 1.8. (see §7.4) The isomorphism (1.1) between Tpﬁoly(X) and D%

oty (X) is obtained
from an isomorphism in HoLieAlg(X).

This theorem can be considered as a generalization of global formality results in [4, 9, 10,
18, 32, 37]. Global formality on the sheaf level is important for deformation theory. See for
example [5, 17, 19, 32, 37].

The isomorphism in HoLieAlg(X) is obtained by globalizing a local formality isomorphism
[18, 29]. If we take Kontsevich’s local formality isomorphism then we obtain compatibility
with cupproduct in Theorem 1.3 from the compatibility of the local formality isomorphism
with tangent cohomology [18, 21, 23]. Kontsevich’s local formality isomorphism is only
defined when the ground field contains R but this is not a problem since we show that it is
sufficient to prove Theorem 1.3 over a suitable extension of the base field.

In order to deduce Theorem 1.3 from Kontsevich’s local formality isomorphism we need to
compute the Kontsevich weight of a wheel with spokes pointing outwards (see Lemma 10.1.2
below). As our computation is quite involved we have deferred it to a separate note [31].
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An alternative approach to Theorem 1.3 could be to work directly in the setting of G-
algebras. Unfortunately it is unknown if Kontsevich’s L.,-morphism can be lifted to a
G oo-morphism. In [6] we will use Tamarkin’s local G -formality isomorphism to construct
a Goo-quasi-isomorphism between T pLOIy(X ) and Dgoly(X ). In the case that £ is a tangent
bundle this was proved recently in [12] using very different methods. Like in [12] we are
unfortunately not able to write down the resulting isomorphism on hypercohomology. Thus
in this way we obtain a result which is less precise than Corollary 1.5. This is why we have

decided to publish the current paper separately.

2. ACKNOWLEDGEMENT

This paper is hugely in debt to Kontsevich’s fundamental work on formality. In particular
without the many deep results and insights contained in [18] this paper could not have been
written.

Our proof of the global formality result Theorem 1.8 follows the general outline of [32]
which in turn was heavily inspired by [37]. We use in an essential way an algebraic version
of formal geometry. Algebraic versions of formal geometry were introduced independently
and around the same time by Bezrukavikov and Kaledin in [2] and Yekutieli in [37]. The
language we use is closer to [37]. As a result various technical statements can be traced back
in some form to [37].

We wish to thank Andrei Caldararu, Vasiliy Dolgushev and Amnon Yekutieli for useful
conversations and comments.

3. NOTATIONS AND CONVENTIONS

Throughout this paper k is a field of characteristic zero. Unadorned tensorproducts are
over k.

Many of the objects we use are equipped with some kind of topology, but if an object
is introduced without a specified topology we assume that it is equipped with the discrete
topology.

If an object carries a natural grading then all constructions associated to it are implicitly
performed in the graded context. This applies in particular to completions.

Since all our constructions are natural in the sense that they do not depend on any choices
we work mostly with rings and modules instead of with sheaves since this often simplifies
the notations. However we freely sheafify such construction if needed.

On a double (or higher) complex we use the Koszul sign convention with respect to total
degree.

4. PRELIMINARIES

4.1. Categories of vector spaces. Below we will work with various enhanced symmetric
monoidal categories of k-vector spaces. Which category we work in will usually be clear from
the context but in order to be precise we list here the various possibilities.

4.1.1. Complete topological vector spaces. For us a complete topological vector space V' will
be a topological vector space whose topology is generated by a separated, exhaustive de-
scending filtration V = FyV D> F1V D ---. This filtration is however not considered as part
of the structure.

The completed tensor product

V&W =projlim(V e W/(FE,VeW +V e F,IW))
p

makes the category of complete topological vector spaces into a symmetric monoidal category.
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4.1.2. Filtered complete topological vector spaces. A filtered complete topological vector space
is by definition a topological vector space V', equipped with an ascending separated, exhaus-
tive filtration F™V (which is considered part of the structure) such that each F™V is a
complete topological vector space and the inclusion maps F™V — F™+1V are continuous.

The (completed) tensor product of two filtered complete topological vector space V' and
W is defined by

FM(Vew)= Y F'V&FW
p+q=m

(where the summation sign refers of course to convergent sums).

4.1.3. Graded filtered complete topological vector spaces. Graded filtered complete topological
vector spaces are the most general objects we will encounter below. These are simply graded
objects over the linear category of filtered complete topological vector spaces. The DG-
Lie algebra of poly-differential operators of k[[t1,...,t4]] (see below) is naturally a DG-Lie
algebra over the category of graded filtered complete topological vector spaces.

4.2. Lie algebroids. Below R is a commutative k-algebra and L is a Lie algebroid over R
which is free of rank d. Namely, L is a Lie k-algebra equipped with an R-module structure
and a Lie algebra map p : L — Der(R) such that [l1,7la] = r[l1,l2] + p(l1)(r)l2 for 1,15 € L
and r € R. pis called the anchor map and we usually suppress it from the notations writing
I(r) instead of p({)(r) (I € L, r € R). In particular, R® L becomes a Lie algebra with bracket
given by [(r,1), (', 1")] = (I(+") = U (r),[1,1']).

Associated to L there are various constructions which are analogous to constructions oc-
curring for enveloping algebras and rings of differential operators. In the next few paragraphs
we fix some notations for them and recall the properties we need. For more information the
reader is referred to [3, 4, 24, 34].

4.2.1. The enveloping algebra of a Lie algebroid. Let UL be the enveloping algebra associated
to L. It is the quotient of the enveloping algebra associated to the Lie algebra R & L by
the following relations: r @l =rl (r € R, l € R® L). If we want to emphasize R then
we write UgrL. UL has a canonical filtration obtained by respectively assigning length 0
and 1 to elements of R and L. We equip UL with the left R-module structure given by the
natural embedding R — UL and we view UL as an R-bimodule with the same left and right
structure. For this bimodule structure UL is a cocommutative R-coring in the sense that
there is a natural cocommutative coassociative comultiplication A : UL — UL ® p UL and
counit € : UL — R. Assuming the Sweedler convention the comultiplication is defined by

A(f)=f®1 for f € R
Al)=Il1+1®l forle L
A(DE) = D(l)E(l) ® D(Q)E(Q) for D,E€ UL

Note that it requires some verification to show that this is well defined. To do this note that
UL®prUL is a right UL ® UL-module in the obvious way. One proves inductively on the
length of D, expressed as a product of elements of L, that in UL ® g UL one has

(Day®@ D)) (fel-1®f)=0
for f in R. Tt follows immediately that if £/ ® E” € UL ® g UL then

(D) ® Dzy) - (' ® E") ¥ Dy E' @ Doy E"

is well defined.

There is a unique way to extend the anchor map into an algebra morphism p : U(L) —
End(R). As before we write D(r) instead of p(D)(r) (D € UL, r € R), and then the counit
on UL is given by



6 DAMIEN CALAQUE AND MICHEL VAN DEN BERGH

UL is a so-called “Hopf algebroid with anchor” [34]. As we are in the cocommutative case
this is expressed by the property

D(l)(f)D(g) = Df (f €ER,DEe UL).
4.2.2. L-poly-vector fields and L-poly-differential operators. TpLo1y(R) is the Lie algebra of L-
poly-vector fields [3]. Le. it is the graded vector space Ar(L)[1] equipped with the graded Lie
bracket obtained by extending the Lie bracket on L. We equip TpLoly(R) with the standard
cupproduct (which is of degree one with our shifted grading). In this way TpLo1y(R) becomes
a (shifted) Gerstenhaber algebra.
Dgoly(R) is the DG-Lie algebra of L-poly-differential operators [3]. ILe. it is the graded
vector space Tr(UL)[1] equipped with the natural structure of a DG-Lie algebra [3]. The

Lie bracket on DX | (R) given by [D1, D3] = Dy @ Dy — (—1)‘D1HD2|D2 e Dy, where

poly
| D1l ‘ ‘
Dye Dy =) (—1)1P2(1d® ® AlP2l @ id®IP1 7)) (Dy) - (1%F @ Dy @ 191P4177)
=0
Letm=1®1¢€ Dgoly(R)l. Then the differential d on Dgoly(R) is given by

d(D) = [m,—].

For the cupproduct we use the sign-modification by Gerstenhaber-Voronov [13]. This sign-
modification is necessary to make the cohomology of Dgoly(R) into a (shifted) Gerstenhaber
algebra. We put

DU D, = (=1)/P11I221 D, @ D,

There is a HKR-theorem relating T, (R) and D, (R) [3]. Namely the map
1
(4.1) il A Ao (1) S T (0)lo) @ @ Loy
T 0€ESnt1

defines a quasi-isomorphism between (TpLOly(R), 0) and (D}foly(R), d) which induces an iso-

morphism of shifted Gerstenhaber algebras on cohomology. Note that for this last fact to be
true one needs the unconventional sign in (4.1).

4.2.3. Algebraic functoriality. The formation of UL, TpLoly(R) and DE

Loy (R) depends func-
torially on L in a suitable sense.

Definition 4.2.1. An algebraic morphism of Lie algebroids

is a pair (g, ¥) of an algebra morphism ¢ : R — T and a Lie algebra morphism ¢ : L — M
such that for any » € R and any [ € L,

o(I(r)) = £(1)(e(r)) and  £(rl) = o(r)e(l).
For any algebraic morphism (R, L) — (T, M) there are obvious associated maps
UrL — Ur M,
TpLoly(R) - é\(/)[ly(T)7
Dyoy(R) — Dy (T),

poly poly

that are compatible with all algebraic structures.
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4.2.4. Pairings, the De Rham complex and L-connections. Put L* = Hompg(L,R). We
identify AR L* with the R-dual of AL via the pairing
(4.2) (G1 A Nop, i A---ANl,) =det oy (1) .
If 7 € L* then we denote contraction by 7 acting on ARL by 7 A —. Le.
TAM A AlL) =D (D)7 ) A NG A Al

We make ArL into a ArL*-module by extending the — A —-action. ILe.

(A AT)ANDA A =71 A(RAC AT AN ANL)) )
An easy verification shows
(4.3) (o1 AN, i N Alp) =(omer A Aop, (Om A= Aor) AL A+ Aly))

The Lie algebroid analogue for the De Rham complex is a DG-algebra which as graded
algebra is equal to AgrL*. With the identification (4.2) the differential on ApL* is given by
the usual formula for differential forms [33, Prop 2.25(f)]:

(4.4)

do(lo,. ., 1n) =Y (1) Liwlo, - Lise s )+ (=) ((liy oy iy e )
i=0 i<j

In other words the anchor map p : L — Derg(R) = Homp(QL, R) dualizes to a morphism of
DG-algebras

(45) p* :Qr — ARL".
From (4.4) we deduce in particular (df)(l) = I(f) for f € R, 1 € L, and if (I;); is an R-basis
of L then

d(lp) (L, 1) = =15 ([, 45]) -
In other words (ArL*,d) completely encodes the Lie-algebroid structure of L.
Remark 4.2.2. In the literature a morphism between Lie algebroids (R,L) — (T, M) is
usually defined as a morphism of DG-algebras n : ApM* — AgL*. See e.g. [8]. One could

call such morphisms “geometric” to differentiate them from the algebraic ones we use. We
have already encountered one geometric morphism, namely (4.5).

If M is an R-module then a L-connection on M is amap L@ M — M : l @ m — V(m)
with the following properties: for [,11,lo € L, m € M, f € R we have

Vi(fm) =1U(f)m+ fVi(m),
V(m) = FVi(m).
The connection is flat if in addition we have
Vi, Vil = Vi 1) -

In that case M automatically becomes a left U L-module. Moreover, if (/;); is a basis of L
then we put a left ArL*-DG-module structure on ARL* ® p M by defining the differential as

(4.6) V(w@m)zdw@m—kZlZw@Vzi(m).
Recall that if C' is a commutative R-DG-algebra then a flat connection on M is a derivation

of square zero on C @ M of degree one which makes C @z M into a DG-C-module?. Thus
V is a flat AgL*-connection on M.

2We recall that if M is in a category of complete topological vector spaces then one has to write C ® M
instead.
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4.2.5. L-jets. Let (UL)<y be the elements of degree < n for the canonical filtration on UL
introduced in §4.2.1. The L-n-jets are defined as

J"L =Hompg((UL)<n, R)

(this is unambiguous, as the left and right R-modules structures on UL are the same, see
§4.2.1). We also put

(4.7 JL = projlim J" L.

We now formulate some properties of JL. Most of these properties hold for J™L as well.
JL has a natural commutative algebra structure obtained from the comultiplication on UL.
Thus for ¢1,¢2 € JL, D € UL we have

(p102)(D) = $1(D(1))p2(D(2))

and the unit in JL is given by the counit on UL. It is well-known that JL has a lot of
extra structure which we now elucidate. First of all there are two distinct monomorphisms
of k-algebras

ag :R— JL:rw— (D w— re(D)),
ag :R— JL:rw— (Dw— D(r)).

It will be convenient to write R; = «;(R) and to view JL as an R; — Ro-bimodule.
Define € : JL — R by €(¢) = ¢(1) and put J°L = kere. It is easy to see that e o a; =
€ o ag = idg. We conclude that

(4.8) JL =R, &J°L=Ry® JL

The filtration on JL induced by (4.7) coincides with the J¢L-adic filtration. If we filter JL
with the J¢L-adic filtration then we obtain

(4.9) grJL = SpL*

and the Ry and Rs-action on the r.h.s. of this equation coincide (here and below the letter
S stands for “symmetric algebra”).

There are also two different commuting actions by derivations of L on JL. Let [ € L,
¢peJL, DeUL.

'Vi(6)(D) = l(¢(D)) — ¢(ID)
*Vi(¢)(D) = ¢(DI)

Again it will be convenient to write L; for L acting by *V. Then 'V defines a flat L;-
connection on JL, considered as an R;-module. Thus JL becomes a ULy — U La-bimodule
(with both ULy and ULy acting on the left). For some of the verifications below we note
that the ULy action on JL takes the simple form

(D - ¢)(E) = ¢(ED)

(for D,E € ULs, ¢ € JL).
The induced actions on gr JL = SpL* of [ € L, considered as an element of L; and Lo,
are given by the contractions ¢_; and ;.

Example 4.2.3. In case R is the coordinate ring of a smooth affine algebraic variety and
L = Derg(R) then we may identify JL with the completion of R ® R at the kernel of the
multiplication map R® R — R. The two action of R on JL are respectively R® 1 and 1® R.
Similarly a derivation on R can be extended to R ® R in two ways by letting it act
respectively on the first and second factor. Since derivations are continuous they act on adic
completions and hence in particular on JL. This provides the two actions of L on JL.
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As 1V, acts by derivation on JL is its easy to see that the resulting A g, Li-DG-module
(Ar, Lt ®p, JL,'V) (see (4.6)) is actually a commutative Ag, L;-DG-algebra. The following
result is well-known.

Proposition 4.2.4. The inclusion as : R — JL defines a quasi-isomorphism
R— AR, LT ®p, JL;r— 1® as(r).

Proof. Tt is easy to see that if r € Ry then 'V(1 ® r) = 0. To prove that we obtain a quasi-
isomorphism we filter JL by the J¢L-adic filtration. We obtain the following associated
graded complex

(4.10) 0—R—SgrL* - L*®r SgL* — -+ = AN4L* ® SRL* — 0

where the differential is given by —3 1% ® iy, for a basis (I;); of L. It is easy to see that
(4.10) is exact. O

4.3. Relative poly-vector fields, poly-differential operators and forms.

4.3.1. Definitions. We need relative poly-differential operators and poly-vector fields. So
assume that A — B is a morphism of commutative DG-k-algebras. Then

Tooty,a( @ poly, A
POIY’ @ Dpoly,

where T, 4(B) = gﬂ Dera(B). Similarly DJ, 4(B) is the set of maps with n + 1
arguments B ®4 --- ® 4 B — B which are differential operators when we equip B with the
diagonal B ® 4 - - - ® 4 B-algebra structure.

If we consider A and B just as algebras then Tpory,4(B) and Dpoly,a(B) are DG-Lie
algebras in the usual way. The differential on Tpory,4(B) is trivial and the differential on
Dpoty,a(B) is the restriction of the Hochschild differential. We denote it by duocn. The
differential dp on B induces a differential [dp, —] on T}, 4(B), Dy, 4(B) which commutes
with duoch on the latter. The total differentials on T7,, 4 (B) and Dy, 4(B) are respectively
[dB, ] and [dB, ]+dHoch~

Recall that one can also consider the DG-algebra (25,4 of relative differentials®. The
differential is dg 4+ dpgr. There is a contraction map between relative one-differentials and

relative vector fields: it is defined as the B-linear map
Q4 ®Dera(B) — B fdg @& — f€(9).-
4.3.2. Relation with L-jets. Let us begin by the observation that
(4.11) Ly — Derg, (JL) : 1+ (0 — 2V,(0))
is a Lie algebra morphism.*
Lemma 4.3.1. (4.11) yields a well-defined isomorphism of JL-modules
(4.12) JL @R, Ly — Derg, (JL) : ¢ @1+ (0 — ¢ - 2V,(0)) .
Proof. Tt suffices to check that this is the case for the associated graded modules for the
J¢L-adic filtration, which is easy. |

SHere and in the rest of the paper the symbol “Q” is used in the sense of continous differentials (since
we usually deal with complete topological vector spaces). See [32, §5.4] for a more detailed discussion of
continuous differentials in a slightly restricted case. There are no surprizes.

4Together with Ry — JL this actually is an algebraic morphism of Lie algebroids.
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Let Dg,(JL) be the ring of differential operators of JL relative to Ry, considered as
a Ro-module. Since the Lo-action on JL commutes with the Ri-action we obtain a ring
homomorphism

(4.13) ULy — Dg,(JL) : D~ (0 — D(0)).

It is easy to check that together with Ro — JL this gives a Hopf algebroid homomorphism
(RQ, ULQ) — (JL, DR1 (JL))

Lemma 4.3.2. (4.13) yields a well-defined isomorphism of JL-modules.
(4.14) JL &p, ULy — Dg,(JL): ¢ @ D s (0 — ¢D(0)).

Proof. Tt is easily verified that this map is well-defined. To prove that it is an isomorphism
we extend the natural filtration on ULs to a filtration on the Lh.s. of (4.14) and we filter
the r.h.s. by order of differential operators. We then obtain a map

JL ®32 SLo = SJL(JL @Ry Lg) — SJL(DerRl (JL))

which is induced from the natural map JL®g, Ly — Derg, (JL). This map is an isomorphism
by Lemma 4.3.1. O

Using again that the Ls-action on JL commutes with the R;-action we obtain natural
DG-Lie algebra morphisms

(4.15) TiLoZ]y(Rz) = Tyoly,r: (JL)
D5y (B2) = Dyoly,r, (JL).-
We obtain the following (see [37, Lemma 5.1(22)]):
Lemma 4.3.3. The maps (4.15) induce well-defined isomorphisms of JL-modules.
L &r, Ty, (Ra) = Thoty, . (JL)
JL @, DL2 (R2) — Dpoty.r, (JL).

Proof. Tt easy to check that these maps are well-defined. As an example we prove that the
second map is an isomorphism. We have isomorphisms of vector spaces
Dyoly,ry (JL) = Ty,(Dg,(JL))[1] = Tyr(JL @g, ULs)[1]
= JL ®g, Tr,(ULy)[1] = JL ®r, D} (Ra) .
In the first line we have used Lemma 4.3.2. One now easily shows that the resulting isomor-

phism JL &g, Dﬁjly(Rg) = Dpoly,r, (JL) is indeed the morphism given in the statement of

the lemma. O
We also have:

Lemma 4.3.4. Let C' be a commutative Ry-DG-algebra. The canonical maps
(C &g, JL) @, Tod (R2) = Tyoly,c(C ®r, JL)
(C &g, JL) ®r, D3 (R2) — Dpoly,o(C @p, JL)
obtained by linearly extending the canonical maps

oy (R2) = Tpoly.c(C @p, JL)

(Rg) — Dpoly,c(C ©r, JL)

L
D p§1y
are well-defined isomorphisms. If JL carries a flat C-connection V which is compatible with
the Ra-action on C ®pg, JL then V @ id on the left of (4.16) corresponds to [V,—] on the
right.

(4.16)
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Proof. We restrict ourselves to the case of poly-differential operators. The case of poly-vector
fields is similar. Using the fact that JL is formally smooth and formally of finite type over
R we easily deduce that the canonical map

C ®r, Dyoly,r: (JL) = Dyoly,c(C ®@r, JL)
is an isomorphism. Combining this with Lemma 4.3.4 yields the required isomorphism. It is
easily seen that this isomorphism yields the asserted compatibility for flat C-connections. [
4.3.3. Differentials and L-jets. Let us introduce a JL-linear map
(4.17) QO p, = JL®r, Ly : ¢df — ¢ &0

with (1) def 2V,(0) for any [ € Lo. If we respectively denote (4.17) and (4.11) by u and v
then by definition we have

u(@)(l) =&@(l) (V€ € Qypp,) -

It then follows from taking the R-dual of (4.12) that (4.17) is an isomorphism, and that the
restriction L5 — Q},L/Rl to L3 of its inverse fits into the commutative diagram

(4 18) L; ® LQ contraction R2 )
| -
Q}]L/Rl ®DEI'R1 (JL) contraction JL

The next result follows by applying A(—) to the inverse of (4.17) and is parallel to lemma
4.3.1:

Lemma 4.3.5. The maps Ry — JL and L3 — Q}]L/Rl induce a DG-algebra morphism
ARy Ly — QiR

that extends to an isomorphism JL &g, Ag, L5 — Qyr/r, of JL-modules. This isomorphism
is compatible with differentials if we put on JL ®p, Ar, L} the canonical differential obtained
from the Ly connection on JL.

Proof. We may view (4.17) as an isomorphism between the Lie algebroids over JL given
by JL ®p, Lo and Derg, (JL) where the first Lie algebroid structure is deduced from the
Ls-connection on JL.

As a result we obtain an isomorphism between the corresponding DG-algebras:

JL &g, Ar,Ls = \(JL &g, L") = \Derg, (JL)* = Q1
JL JL
The statement of the lemma follows easily from this. O

We also have the following analogue of Lemma 4.3.4:
Lemma 4.3.6. Let C' be a commutative Ry-DG-algebra. The canonical map
(4.19) (c ®R1 JL) ®R2 (AR, L3) — QC®R1 JL/C

is an isomorphism. If JL carries a flat C-connection V which is compatible with the Ra-
action on C @r, JL then V ®id on the left corresponds to the differential d¥ on the right.

Here dV is characterized by the properties that it coincides with V on C ®pr, JL =

Q% S n. JL/C and that it commutes with the De Rham differential.
1

5. COORDINATE SPACES

We keep the notations of the previous section.
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5.1. The coordinate space of a Lie algebroid. The following definition is inspired
by [37]. We define R°°°"™®L as the commutative R;-algebra which trivializes JL, i.e. which
is universal for the property that there is an isomorphism of R°°*%:L_algebras

(5.1) t: RO Gp  JL 2 ROTYE([ L ty]]

such that R4 E @p  JCL is mapped to (t1,...,tq).
For use below we give an explicit description of R°°*%% Since we have assumed L to be
free of rank d we may assume that

JL = Rl[[xla v ;xd]]
where (z;); is mapped to a basis of J¢L/(J°L)? = L*. Let T be the polynomial ring over
R, in the variables y; q,...q; Wwhere i =1,...,d, a; € N and (a1,...,aq) # (0,...,0). Then
ReoordL s the localization of T' at det(y;.,) where e; = (0,...,1,...,0) with the 1 occurring
in the j'th place and t is given by

(52) t(xl) = Z yi,(ll"'(ldtllll o 't:ild
1,41 :aq

Since Re°°*%L is universal any k-linear automorphism « of k[[t1, ..., t4]] yields a correspond-
ing unique Ri-linear automorphism & of R®°'®L such that the combined automorphism
(&, @) of Reo* L[ty ... t4]] leaves the image under t of JL pointwise invariant. Since Glg(k)
acts on k[[t1, ..., t4]] we obtain a corresponding R;-linear action of Glz(k) on ReordL,

In fact if we write
(53) Rcoord,L ~ Rl ® Scoord

with §eoord = k[(yi,al,,,,,ad)]det(yiyej) then the Glg(k) action on R¢°*dL is obtained from
a Glg(k)-action on S°°'d which preserves the finite dimensional vector spaces with basis
{Yiar,....au | D_; @i = s}. Needless to say that the decomposition (5.3) depends on the choice
of the generators (z;); of J°L.

It follows in particular that the Glg(k)-action is rational. Hence we may consider the
derived action of gl (k) on R°*4L. The action of Glg(k) on k[[t1,...,t4]] also yields a
derived action of gl (k). The two actions of gl (k) satisfy the following compatibility.

Lemma 5.1.1. For v € gl,(k) let L, be the action v on R"VL([ty,... t4]] obtained by
linearly extending the action of v on k[[t1,. .., t4]].

Let Ly be the action of v on RGE[[ty,. .. t4]] obtained by linearly extending the action
of v on R"4L. Then Ly + L, is zero on t(JL).

Proof. This is the derived version of the fact that Glg(k) leaves t(JL) pointwise fixed. [
5.2. On some DG-algebras associated to coordinate spaces.

5.2.1. The DG-algebra C<°*E. Put C°L = Qpeoar ®ap, Ar,Li. Using the DG-
algebra structures on Ag, L} we see that C°°*%L is naturally a commutative Ag, Li-DG-
algebra.

As we have not put any restrictions on R, the DG-algebras Q g, and Qgeoora,c may be
enormous objects. However only their “difference” matters and this is controlled by (5.3).
In fact from (5.3) we obtain a coordinate dependent isomorphism of DG-algebras

ceoord L — Qgeoora ® AR, L]

We will now form the completed tensor product over R°°* %L of the domain and codomain
of the map (5.1) with C°°°" ignoring the differentials. For the domain we get

(5.4) Ccoord7L®Rcoord,L Rcoord,L ®R1 JL = CCOOFd,L®R1 JL = QRcoord,L ®QR1 (/\Rl Li‘ ®R1 JL)
For the codomain we get
O L @ peoora,r. ROTVL[[ty, L tg]] = CC N[ty ... t4]]
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So we obtain an isomorphism of graded algebras
t: Ccoord’L ®R1 JL — C«coord,L[[tl’ - ,td]]

Both domain and codomain of  carry a natural differential. The differential on C°°°*%L Qg
JL is obtained by combining the ordinary differential on Q peoora.z and the differential 'V on
AR, L ®g JL using the right hand side of (5.4). The differential on C°*&L([ty, ... t4]] is
obtained from extending the differential on C°°**%X, Let us denote the resulting differentials
by 1Ve°rd and d respectively.

The constructed differentials transform the obvious morphisms of graded algebras

CCOOrd,L — QRcoord,L ®QR (/\Rl LT ®R1 JL)
Ccoord,L — Ccoord’L[[tla e 7td]]

into morphisms of DG-algebras.
By the middle equality in (5.4) 'V may be viewed as a flat C°°°*®L-connection on
JL. The map

(5.5) (tolveeordo =t —g): oLty tg]] — COVE [ty ... t4]]
is now a C°°°*dL_linear derivation.
From [32, §6.4] we obtain the existence of elements w® € CL[[t; ... t4]]; such that
for
0 .
(5.6) w= Zuﬂ% € ¢l & Dery (k[[t1, . . ., td]])

we have t o 1V 6 =1 = @ 4 w and furthermore w satisfies the Maurer-Cartan equation
1
dw + §[w,w] =0
in C"4L @ Dery (k[[t1, .. ., td]])-

5.2.2. The gl (k)-action on C°*4L and the Maurer-Cartan form. We need the following
result.

Lemma 5.2.1. For v € gly(k) let iz be the derivation on C""F = Qpeoora.r ®qp, Ar, L}
obtained by linearly extending the contraction of Q geoora, with the action as Ry-derivation of
v on RL (efr§5.1). Extend iy to a map of degree —1 from C<°*4L & Dery (k[[t1, .. ., td]])
to itself. Then we have

(5.7) sw=1Qwv
where both sides are considered as elements of R & Dery (k[[t1, . . ., td]]).
Proof. We may prove (5.7) by evaluation on an arbitrary element g € R L[ty ... t4]].

Since w = ), w;(0/0t;) we have iz(w) = Y, i5(w;)(0/0t;) and hence (izw)(g) = is(w(g)).
Thus we need to show
(58) Z‘T) ow = LU

as operators on R L[ty ... t4]] (as in Lemma 5.1.1 L, is the extension of the v-action

on kl[[t1,...,tq]]).
It is clear that R%*E[[ty, ... t4]] is topologically generated by R°°°*%L and t(JL). Since
the operators occuring are R°°°* %L Jinear it is sufficient to prove the identity

(5.9) igowot=1L,0t
as operators on JL. We may rewrite the L.h.s. of (5.9) as follows

(5.10) igowot:igo(d+w)ot—iﬁOdot:iEOfolvcoord—Lﬁot:Lvot,
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In the second equality we have used the Cartan relation Lz = doi; +i5 od and the fact that
the term d o iy acts as zero on R L([ty,... t4]] (for degree reasons). We have also used
(5.5).

In the third equality we have used the fact that JL is mapped to Ag, LT ®pr, JL under
Lyeoord and the image of Ag, L ®g, JL in C°°"L @ Dery, (k[[t1, . . ., tq]]) under t lies in the
part generated by R°°™L and Dery,(k[[t1,. .., tq]]) and on this part i is zero. O
5.3. The affine coordinate space of a Lie algebroid. We put Rl = (Reoord.L)Gla(k),
We easily verify from (5.3) that R*L is of the form R; ® S*T with §&f = (§eoord)Gla(k) and
furthermore S = k[(z;);] for a set of (infinitely many) variables (z;);.

Below we will also use the DG-algebra C*L = Q pare .z ®QR1 AR, Li. Exactly as for Coord.l

one produces a flat C*®-connection on JL which we denote by V2. Furthermore we have

a coordinate dependent isomorphism of DG-algebras
(5.11) C*ML — Qg @ AR, LY.
Lemma 5.3.1. For any free Ry-module M we have that
M — (CL &p JL V) & M
is a quasi-isomorphism.
Proof. Using the decomposition (5.11) we need to show that
(5.12) M — Qgar @ Ar, L @r, JL ®p, M
is a quasi-isomorphism. We filter the r.h.s. of (5.12) with the J°L-adic filtration. This
means we have to show that
M — Qgait @ ARL* @p SL* @p M

is a quasi-isomorphism.

Using the proof of Proposition 4.2.4 we see that we may replace ARL* @z SgL* by R.
Furthermore since S is a polynomial ring we also find that Qgas is quasi-isomorphic to k.
Thus we are done. g

5.4. The universal property of the affine coordinate space. The affine coordinate
space has a universal property, similar to (5.1).

Proposition 5.4.1. There is a filtered isomorphism of R-algebras
(5.13) RML &p JL =~ RPN &, SL*
which induces the canonical isomorphism

RML @par(JL) = R L @p SL*

Raf‘f,L

obtained by extending (4.9). Moreover is universal for the existence of such an iso-

morphism.

Proof. We start with the isomorphism
(5.14) Reoordb L & p JL 22 REOOME[[ty L t4]]

It follows from the discussion after (5.2) that this isomorphism if Gls-equivariant is we equip
the righthand side with a Glg-action which is a combination of the linear action on the (¢;);’s
and the extension of the Glz-action on R°°*dL  In particular this Glg-action preserves the
(ti)i—grading.
Put
E* — ]%coord,Ll‘(j_1 ot Rcoord,Ltd

considered as a Glg-module. Then (tautologically) we have a Glz-equivariant isomorphism

Rcoord’L[[tla cee 7td]] = SRcoord’L(‘E*)A
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Combining this with (5.14) we get a Glg-equivariant isomorphism
RL & p JL 22 Speoorar (L*)
and looking at degree one of the associated graded rings:
Reoord L @ [ o [
Thus
(5.15) R L & p JL 2 Speoora.r (ROYE @ L¥) 22 ReoOTdL & SL*
It now suffices to take Glg-invariants to get the isomorphism (5.13).

We will only sketch the proof of universality since we will not need it in the sequel. Assume
that we have an isomorphism

WérJLEW &p SL*

such that
W@grgr(JL) W ®r SL*
We need to construct a corresponding morphism RMLL ).
We let W be the commutative W-algebra which is universal for the existence of an iso-
morphism . . .
Wow (WrL)XWity + -+ Wiy
Thus Spec W/ Spec W is a Glg-torsor and in particular WS = . We then have
W& JL=W &w (W &g JL)
W Qw (W &g 5/'17‘)
W &r SL*
S (Wty + -+ Wtg)®
Wllt1, ..., td]

Hence there exists a corresponding morphism R°'4L — . Taking Glg-invariants yields
the requested morphism R*"L — W. One easily checks that this morphism satisfies the
appropriate uniqueness properties. O

6. Loo-ALGEBRAS
In this section we recall some properties of L.-algebras and we fix some notations.

6.1. L,-algebras and morphisms. An L, -structure on a vector space g is a coderivation
Q of degree one on S(g[1]) which has square zero. Such a coderivation is fully determined
its “Taylor coefficients” which are the coefficients

Qi : S*(g1]) 2=, g(g]) 2 S(g[1]) R, gy
If for a,b € g one puts

(6.1) da=—-Qi(a) and [a,b] = (—1)1*Qq(a,b).
then d> = 0 and d is a derivation of degree one of g with respect to the binary operation
of degree zero [—,—]. If 3°Q = 0 for i > 2 then g is a DG-Lie algebra. Conversely any

DG-Lie algebra can be made into an L.-algebra by defining @1, Q2 according to (6.1) and
by putting ; = 0 for ¢ > 2.

A morphism of Ly.-algebras g — b, or Lo,-morphism is by definition an augmented
coalgebra map of degree zero S(g[l]) — S(h[1]) commuting with Q. A morphism of Lo.-
algebras is again determined by its Taylor coefficients

i1 Si(g[1]) 2son, gg[1]) L S(p[1]) R, py]
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One has diy; = 1¢1d and hence 1)1 defines a morphism of complexes.

The above notions make sense in any symmetric monoidal category. We will use them
in the case of filtered complete linear topological vector spaces. Of course in that case the
symmetric products have to be replaced by completed symmetric products.

6.2. Twisting. Assume that ¢ : g — hisa Lo,-morphism between L.-algebras. We assume
in addition that we are in a complete filtered setting (in the category of graded vector spaces).
Le. there are ascending filtrations (F,,g)n, (Fnb)n, on g, h and furthermore g, h are graded
complete for the topologies induced by these filtrations. We assume in addition that i is
compatible with the filtrations (i.e. it is a filtered map for the induced filtrations on S(g[1])
and S(b[1])).

Let w € F_1g1 be a solution of the L.-Maurer-Cartan equation in g.
1 i
(62) S0 2@l =0,
i>1

Define Q,,, ¥, and w’ by

(6.3) Qu,i(y) = Z %QHJ (wiv)  (fori>0)
=0’

(6.4) Vui(7) = Z %dh‘ﬂ‘ (W) (for i > 0)
=0’

(6.5) W = Z %ij)

for v € S%(g[1]). Then by [38, Thm 3.21,3.27] ' € F_1b is a solution of the Maurer-Cartan
equation in h and furthermore g, h, when equipped with @, Q.- are again L..-algebras. If
we denote these by g, and h.- then ¢, defines a filtered Lo,-map g, — Her.

Remark 6.2.1. Formulas similar to (6.3-6.5) also appear at other places in the literature e.g.
[11, eq. (60)(61)] and [30, eq. (4.4)]. They are implicit in the language of formal @-manifolds
employed by Kontsevich in [18],

If g is a DG-Lie algebra then the Lo.-Maurer-Cartan equation translates into the usual
Maurer-Cartan equation

1
(6.6) dw + §[w,w] =0
and we obtain Qu,1(7) = Q1(7) + Q2(wy), Qu2(y) = Q2(7) and Qui(y) = 0 for i > 3.
Translated into differentials and Lie brackets we get
(6.7) dy=d+w,—] and [-,—]o=]-,—].
6.3. Descent for L..-morphisms. Assume that g is a DG-algebra over a graded operad O
and consider a set of derivations of degree -1 (iy)yes on g. Put L, = di, + i,d. This is a

derivation of g of degree zero.
Put

(6.8) gS:{weg|VveSzivw:va:O}

It is clear that g° is a DG-algebra over O as well. Informally we will call such a set of
derivations (i, )yes and S-action.

Remark 6.3.1. Note that an L..-algebra is not a DG-algebra over a graded operad (Q; is
not a derivation for @,, n > 2). However a DG-Lie algebra is. Correctly interpreted an
L.-algebra is an algebra over a DG-operad.
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Remark 6.3.2. Note that the notion of an S-action only depends on the graded structure
of g. However the construction of g° also depends on the differential.

The following is [32, Prop. 7.6.3].

Proposition 6.3.3. Assume that ¥ is an Lo,-morphism g — b between DG-Lie algebras
equipped with an S-action as above. Assume that v commutes with the S-action in the sense
that for all v € S,

fothn (Wi, wy) =Y (=)l e =g iy (), w)

Then 1 descends to an Loo-morphism ¥° : g° — 5.

6.4. Compatibility with twisting. Assume that g, h are topological DG-Lie algebras and
1 is an Lo,-morphism g — h. As in §6.2 we assume that g, h are complete filtered and
is compatible with the filtration. Our aim is to understand the behavior of S-actions under
twisting.

Assume that g and § are equipped with a S-action and assume that 1) commutes with
this action (as in Proposition 6.3.3). Let w € F_;g; be a solution to the Maurer-Cartan
equation. Since twisting does not change the Lie bracket (see (6.7)), S acts on g,, and b, as
well. The following is [32, Prop. 7.7.1].

Proposition 6.4.1. Assume that for i > 2 and allv € S, v € S~1(g[1]) we have
(6.9) Yi(iow-7) =0

Then 1, commutes with the S-action on g, and b, .

7. FORMALITY FOR LIE ALGEBROIDS

In this section we prove Theorem 1.8. We first prove a more precise result in the ring
case. To do so we use the existence of the desired L .,-quasi-isomorphism in the local case,
and extend it to the ring case with the help of coordinate spaces constructed in the pre-
vious section. We end the proof by sheafifying the ring case, using appropriate functorial
properties.

7.1. The formality in the ring case and its functorial properties.

Theorem 7.1. Let R be a k-algebra. Assume that L is a Lie-algebroid over R which is free
of rank d. There exists a canonical DG-Lie algebra (¥ together with L. -quasi-isomorphisms

(7.1) Tk (R) — 1" «— DL (R)

p poly
such that the induced map

e Tp{loly (R) — H" (Dlgoly(R))
is given by the HKR-formula (4.1).
The DG-Lie algebra (¥ and the quasi-isomorphisms in (7.1) are functorial in the following
sense: assume that ¢ : (R,L) — (T, M) is an algebraic morphism of Lie algebroids which

induces an isomorphism

(7.2) TRrL=M
then there is an associated commutative diagram
(7.3) TpLoly(R) — L <~ Dgoly(R)

Lk

(T) ——= M <—— Dy (T)

poly

1 oly
pol;
and [¢9 =1%o [9,

The proof of this theorem will take the greater part of the next two subsections.
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7.2. The local formality quasi-isomorphism. Let F' = k[[t1,...,tq]]. Kontsevich (over
the reals) and Tamarkin (over the rationals) construct an L.-quasi-isomorphism [18, 29]
(7.4) U : Tyory(F) — Dpoly (F)
where U is given by the HKR formula®
1
(7.5) Ur (D, A+ ND;) = (—1)P@—D /2 Y ()70, @ ® 0, )
UES

with 9; = 0/9t;. This quasi-isomorphism has two supplementary properties which are crucial
for its extension to the global case.

(P4) Uy(y1---7y) =0for ¢ > 2 and y1,...,7, € TPWL(F).

(P5) Uy(ya) = 0 for ¢ > 2 and v € gl (k) C TPW1(F).
For Tamarkin’s quasi-isomorphism the fact that properties (P4) and (P5) hold has been
proved in [14].

7.3. Proof of Theorem 1.8 in the ring case.

7.3.1. Resolutions. In this section we construct resolutions of poly( ) and DX | (R). These

poly
are jet analogues of the Dolgushev-Fedosov resolutions in [3, Section 2].
Since the action of ULy on C*F @ g JL commutes with 'V* we obtain morphisms of
DG-Lie algebras:
T2 (Ra) — Tyoy.corr (C*TF &, JL, 1V

(76) IZDIY ff,L & 1 ff
D2 (RQ)HDpoly’Caff,L(Ca "~ Qpr, JL, v )

poly
Proposition 7.3.1. The morphisms in (7.6) are quasi-isomorphisms.

Proof. This follows from lemmas 4.3.4 and 5.3.1. U

7.3.2. The formality map on coordinate spaces. The local Ls-quasi-isomorphism
U : Tooly(F) — Dpory (F)
extends linearly to an L,.-quasi-isomorphism
U:ceoordl g Tholy (F) — ool & Doy (F)
One easily verifies that the canonical maps
Ceoord,L & Tooty (F) — polY,CcomdyL(C«coord,L & F)
(©.7) C0L & Doty (F) = Dipoly creoora.z (COHE & F)
are isomorphisms of DG-Lie algebras. Thus we obtain a corresponding L ,-quasi-isomorphism
U : Tpory ceoora.r (CO @ F) — Dy ceooran (COHE & F)
In Section 5 (§ 5.2.1) we have constructed an isomorphism of C'°°4-L_DG-algebras
Fo(OeoordL g gL, yeoord) , (geoordl & gy )

Therefore we obtain an isomorphism of Lie algebras
(7.8) t7 1o —ot: Dpyyy geooma,n (COM @, JL) — Doty ceoora (COHE @ F)

5The sign (—)P(P=1)/2 is not present in Kontsevich’s setting. I this paper we slightly modify Kontsevich’s

quasi-isomorphism. See §9.
6For degree reasons, this is always true if ¢ > 2.
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The Hochschild differential on the left is sent to the Hochschild differential on the right. The
differential [1V°°°rd —] on the left is sent to [d + w, —] on the right. Then it follows using
(6.7) from §6.2 that ¢ defines an isomorphism of DG-Lie algebras

(7.9) DPOIYVC’coord,L(CCOOI‘d’L ®p, JL, veoerd) =~ DPOIYVC’coord,L(CCOOI‘d’L ® F,d),
Similarly we have an isomorphism of DG-Lie algebras
(7.10) TpO]V ('coord, L (CCOOrd L ®R1 JL 1vCOOI"d) TpO]V ('coord, L (CCOOrd L ® F d)

We now use the grading on Tpolyccoord,L(Ccoord’L ® F) and Dpoly’Ccoord,L(Ccoord’L ® F)
obtained from the C°°*dL_grading on C°°"4L & F as a filtration. Thus

F_n (Tpoly’Ccoord,L (Ccoord,L ® F) = Tpoly’Ccoord,L (C«coord,L ® F)Z"

and similarly for Dp1y. Since these filtrations are finite in each degree for the total grad-
ings on Ty ceoora,r (C"M @ F) and D)y ceoora.r (COO"HE & F) these DG-Lie alge-
bras are graded complete. It is also clear that U is compatible with F. Finally since

w € Tpoly,ceoora.r (COHE & F)y it follows that w € F_i(T}yo1y, ceoorar (CH & F)). Thus

the twisting formalism exhibited in §6.2 applies and we obtain an L .,-morphism
(7.].].) Z/?UJ : Tpoly’ccoord,L (CCOOI‘d,L ® F)w — _D (C'coord, L (CCOOrd,L ® F)UJ
since by (P4) (using the notation of (6.5)) one has

Z:Jl Ui (w) =w.

Hence using (7.9) and (7.10) we have an L,-morphism
(7.12)
Vcoord . Tpoly,Ccoorde (Ccoord L JL lvcoord) N Dpoly P (Ccoord ,L ® JL lvcoord)

poly,

7.3.3. The formality map on affine coordinate spaces. First remark that U,, descends under
the gl (k)-action. Namely, given the facts that U clearly commutes with the gl;(k)-action
(in the sense of Proposition 6.3.3) and that, using (5.7) and (P5), U;(iz(w) - ) = 0 for any
v € gly(k) and ¢ > 2; we can apply the criteria given by Propositions 6.3.3 and 6.4.1 and
obtain an Ls.-morphism

(7. 13)

Va . poly Cooord L (Ccoord L ®R .]L 1Vcoord)g[d(k) _ Dpoly Coord, L (Ccoord ,L ®R JL lvcoord)gld(k)

Here the notation (—)8'(*) is used in the sense of (6.8) and gl (k) acts by the derivation of
the Gly(k)-action on the factor Qpeoora.r of CL = Qpecora.r @y, Ar, L.

There are morphisms of DG-Lie algebras
Tpory.corr.r (C*L &g, JLIVT) — T ceoora.r (OO @ g, JL, VM)

(7.14) ) X
Dyory.core.r (C*HE & JLAV) 5 Do ceoora,n (COMYE @ T L, TV00T)

obtained by extending C*:L-linear poly-vector fields and poly-differential operators to C°°°*d:L.
linear ones. We claim that these maps yield isomorphisms of DG-Lie algebras

Tpoly’Caff,L (CaH’L ®R1 JL, 1Vaff) — Tholy,Creoord. L (CCOOFd,L ®R1 JL, 1vcoord)g[d(k)
.1 & Lyaft d.L & 1 dygly(k
Dpoly,Ca“vL (Ca ®pr, JL,"V? ) — Dpoly (Clcoord, L (Ccoor ®p, JL, VO )9 a(k)

Using Lemma 4.3.4 and using the fact that T’ pLOQI (R2) and Dﬁjly(Rg) are free Rp-modules

and that JL is a topologically free R;-module it is sufficient to prove that
(7.16) (QRcoord,L ®QR1 /\RILT)GM(’C) = QRaff,L ®QR1 /\R1LT

(7.15)

Using the notations of Section 5 the isomorphism (7.16) follows from
Q%) = Qgan

This follows easily from the fact that Gl;(k) acts freely on Spec S¢°°rd.
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Therefore (7.13) now yields an Lo-morphism

yaff .

polyvcaff,L(Caﬂ"L ®R1 JL, 1Vaﬂ) — Dpoly,caff,L(CaH’L ®R1 JL, 1Vaﬂ) .

7.3.4. End of the proof. We have constructed L ,,-morphisms

(7.17) Th2 (Rp) —— Tpory corr (COFF @, JL)
l/vaff

DL2 (RQ) —g> Dpoly,caff,L (CaH’L ®R1 JL) .

poly
such that the horizontal maps are quasi-isomorphisms.
We put (L = D1y, ot r (C¥L & p  JL). Then the lower horizontal map in (7.17) yields
the rightmost quasi-isomorphism in (7.1).
We will prove below that the composition
Tl (Rp) — H* (") = H*(DL2 (Rz))

poly

coincides with the HKR-isomorphism. It follows in particular that the diagonal map in (7.17)
TL2 (Ry) — X

poly

is an Lyo-quasi-isomorphism as well. This is the leftmost quasi-isomorphim in (7.1). We
leave to the reader the tedious but straightforward verification of the functoriality of [~

To prove that the map on cohomology is given by the HKR-map we regard the complexes
occurring in (7.14) as double complexes such that the differential obtained from C*%¥ and
CeoordL g horizontal. We write the coordinates for the double grading as couples (p, q)
where p is the column index.

According to (6.4) U, ; is given by

(7.18) Z LIJH wiy)
J>O

Now Z;Ij_H is homogeneous for the column grading and of degree 1— (j+1) for the Hochschild

coord, L ® T() (F)

grading (the row grading), thus it has bidegree (0, —j). Since w lives in Cy oly

it has bidegree (1,0), and hence Z;{J+1(wj ) has bidegree (j, —j).
Let Z/IJ be the component of Z/Iw 1 indexed by j in (7.18).

Lemma 7.3.2. We have the following commutative diagram

TpLOZ)Iy(RQ) — L @ Tyoy (F)

(7.19) ul luw

D}Esly(RQ) —— C%E @ Doy (F)

where the horizontal arrows are inclusions obtained from the action by derivations of Lo on
ceoord L p  JL =2 CONL @ F (see (5.1)) and p is the HKR-map (4.1).

Proof. This is almost a tautology. Let l1,...,l, € L and denote by J; the derivation on
geoord, L & corresponding to [;. Then

Y Y n(n— 1
US 1 (By A+ Ny) =T (81 A+ A Gy) = (—1)™ W% D E(0)do1) @+ @ By -
oeSy

This implies the commutativity of (7.19). O
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Since the maps in (7.14) are inclusions Vi has the same grading properties as Z:{wyl.
In particular it maps T}y catr.r (C*HL &g, JL), 4 to @; D01y o (CHL @R, JL)psjg—;-
Let V} .9 be the component of Vfﬂ indexed by j in this decomposition. Thus we obtain a
commutative diagram

TpL(fly(Rg) ——— Tyory e (C*HE &g, JL)

(7.20) ”l lvlaff,o
.DL2 (Rg) —_— Dpoly,caff,L(CaH’L ®R1 JL)

poly

The following lemma ends the proof of the theorem (see [37, Thm. 7.1]).

Lemma 7.3.3. Vlaff’o and VI induce the same maps on cohomology.

Proof. We filter Tpo1y cattoe (C*TF @ g, JL) and Do)y catr. (C*FF @ g, JL) according to the
column index.

The F; term of the resulting spectral sequences consists of the cohomology of the colums.
Using (4.16) we have to compute the cohomology of (C*L &p JL) g, TpLogly(Rg) and

(C*L & JL)&R, DE2 (R,) for the second factor. We obtain (C*L&p JL)& R, TE2 (Ry)

poly poly
and (C*L &R JL)&g, H (DX2_(R,)) (the latter because Dﬁjly(Rg) is a complex consisting

poly
of filtered projective Ra-modules with filtered projective cohomology).

Using Lemma 5.3.1 we obtain that the o terms are given by T}foﬁy(Rg) and H' (lejly(Rg)).

It is now clear that Vfﬂ’o and Vi induce indeed the same map on cohomology. O

7.4. Proof of Theorem 1.8 in the sheaf case. As indicated in the the introduction we
can prove a result which slightly more general than Theorem 1.8. We work over a ringed
site (C,0) and L is a Lie algebroid locally free of rank d on (C,©). The DG-Lie algebras

Tpﬁoly((’)), Dgoly(O) are obtained by sheafifying the presheaves
LU
U Ty (0(U)
LU
U= Dy (0(U))

for U € Ob(C).

Theorem 7.4.1. There is an isomorphism between T}fzoly((’)) and Dgoly(O) in HoLieAlg(O),
the homotopy category of sheaves of DG-Lie algebras, which induces the HKR-isomorphism

on cohomology.

Proof. We replace C with the full subcategory consisting of U € C such that there is an
isomorphism £ | U = (O | U)? (this does not change the category of sheaves).

If p: U — V is now a map in C then since £L(V) = O(V )4, L(U) = O(U)? we have that
the restriction morphism

p*: (O(V), L(V)) = (OU), L{U))

satisfies the condition (7.2), i.e. O(U) ®p vy L(V) = L(U).

Put PI£(U) = V) where (V) is as in Theorem 7.1. Then P[* is a presheaf of DG-Lie
algebras. Let pTIfOly(O) and ngoly(O) be respectively the presheaves of DG-Lie algebras of
L-poly-vector fields and L-poly-differential operators.

From the commutative diagram (7.3) we now deduce the existence of L »-quasi-isomorphisms
of presheaves
(7.21) PTE (O) — PIE —PDE | (O)

poly poly

Let [© be the sheaffification of P[*. Sheafifying (7.21) finishes the proof. O
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8. ATIYAH CLASSES AND JET BUNDLES

In this section we relate Atiyah classes to jet bundles. That this is possible is well known
(see e.g. [16, §4]) although we could not find the exact result we need (Proposition 8.4.2
below) in the literature.

8.1. Reminder. We define (C, O, £) asin §7.4. Let £ be an arbitrary O-module. The Atiyah
class Az () € Exty(E, L* @ E) is the obstruction against the existence of an L-connection
(not necessarily flat) on &.

Let us briefly recall how Az (&) is constructed. By (4.8) we have J'L = O1®L* = OB L*
as 07 and Os-algebras.

We consider the short exact sequence of O1-modules

(8.1) 0= L ®R0E—J LR, E—E—0

The class of this sequence in Exty (€, L* @ &) is Az(E). To see that this is the obstruction
against the existence of a connection let By : £ — J'L ®0, € be the canonical splitting (as
sheaves of abelian groups) of (8.1) obtained from the decomposition J!£ = O & L. Then
any splitting 8: &€ — J'L ®p, € as O modules yields a connection V : £ — L* @ £ given
by 6 — (. It is easy to see that this construction is reversible.

Taking powers and symmetrizing we obtain an element a(€)™ in Extg (E, A"L*® E). The
n’th (scalar) Atiyah class a,, () € H"(C, A"L*) of £ is the trace of a(&)".

8.2. Atiyah classes: algebraic background. We need some functoriality properties of
the Atiyah class. To deduce these cleanly we work in a somewhat more abstract setting and
introduce some adhoc terminology.

Let Sh™ (C) be the category of sheaves of abelian groups on C graded by Z2. If F € Sh* ©)
and f is a section of F; ; then | f| = i+ j is the total degree of f. As always apply the Koszul
sign convention with respect to total degree.

The category Shbi(C ) is equipped with two obvious shift functors each of total degree one

Flllij = Fitrj
F(D)ij = Fijm

Definition 8.2.1. (1) A bigraded DG-algebra on C is a bigraded sheaf of algebras A on
C equipped with a derivation d 4 of degree (1,0) such that Jil =0.
(2) A dDG-algebra A on C is a bigraded sheaf of DG-algebras on C equipped with an
additional derivation d4 of degree (0, 1) such that dsda + dada = 0.
(3) Assume that A is a bigraded DG-algebra. A DG-A module is a bigraded sheaf of
A-modules M equipped with an additive map dp; : M — M of degree (1,0) such
that Jf\,[ = 0 and such that

dag(am) = da(a)m + (—1)1*ad g (m)

for a, m homogeneous sections of A and M. We denote the category of DG-modules
over A by DGMod(A).

(4) Assume that M is DG-module over a dDG-algebra .A. Then a connection on M is
an additive map daq : M — M of degree (0,1) such that

dag(am) = da(a)m + (—1)1%ad g (m)

(5) The functors ?[1] and ?(1) change the signs of both dxq and dq, when applicable.

(6) Assume that M is a DG-A-module over a dDG-algebra A, equipped with a connec-
tion. Then the curvature of M is defined as Raq = —(dadag + dagdag). This is a
map Ry : M — M(1)[1] in DGMod(A).

(7) The derived category of DGMod(.A), equipped with the shift functor ?[1], is denoted
by D(A).
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Example 8.2.2. Let A — B be a morphism of sheaves of commutative DG-algebras. Then
Qp/a is a dDG-algebra. The bigrading comes from the internal (coming from B) and external
(exterior) degrees. The degree (0, 1) derivation d is the De Rham differential and the degree
(0,1) derivation d is characterised by the property that it commutes with d and that it
coincides with dg on B = Q%/A.

Assume that A is a dDG-algebra. We define a bigraded DG-algebra.
J'A=AD Ae
where e satisfies d4(¢) = 0 = €2, has degree (0, —1) and
ae = (—1)eq
We have two algebra morphisms commuting with d4:
h:A—-J'A:a—a
in: A— J'A:ar a+eda(a)

We view J' A as a DG-A-bimodule via 41, 2.
We get an associated exact sequence of A-A bimodules

(8.2) 0— Ae — J'A— A—0

Let M € DGMod(A). Tensoring (8.2) on the right by M we obtain an exact sequence in
DGMod(A)

(8.3) 0— M) = J'AAM - M —0
with
M) = JTA@A M :n—e@n
J'A@4 M — M : (a+ be) @m — am

Definition 8.2.3. Let M € DGMod(A). The Atiyah class A(M) of M is the element of
Hom}j(A) (M, M(1)) representing the exact sequence (8.3).

Lemma 8.2.4. If M has a connection then A(M) = Raq. In other words A(M) is repre-
sented by an actual map

Rpg: M — M(1)[1]
of bigraded A-modules.
Proof. If M has a connection da4 then the map
B:M—=TJAQUAM:mi—1@m —e®da(m)
defines a right splitting of (8.3) as graded .A-modules. The corresponding left splitting is
a: JTARAM > M) :1@m+e@n— dp(m)+n O
Since (8.3) is split its corresponding class in HomlD(A) (M, M(1)) is given by” —ada3. One
computes that this is equal to R4. O

Lemma 8.2.5. The Atiyah class is functorial in the following sense. Assume that we have
a morphism of dDG-algebras 0 : A — B and DG-modules M, N over A and B as well as
an additive map ¥ : M — N of degree zero which is compatible with the differentials and 0

"To see this one should think of a degreewise split exact sequence as a shift to the left of a standard
triangle constructed from a mapping cone. See [15, 1§2].
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in the sense that 1 o dyg = dpy o ¢ and (am) = 0(a)(m). Then the following diagram is
commutative in D(A)

M AN

o |v
A/\/ m AN(l)[l]

Proof. This follows from the functoriality of the exact sequence (8.3). O
8.3. Scalar Atiyah classes. Let A be a dDG-algebra on C and let M € DGMod(A). We
assume in addition that M is locally free of constant rank e over C. Il.e. the topology on
C has a basis B such that for U € B we have that My = A as bigraded A-modules. We
may now view A(M)" as an element of Homl,(4)(M, M(n)), or since M is locally free, as
an element of

H"(C,End A(M)s.r)

where H denotes hypercohomology and £nd 4 (M), ,, is equipped with the differential [d o, —].
It is easy to check locally that the trace map

Tr: Endg(M) — A
is in DGMod(.A). Thus we obtain a map on hypercohomology
Tr: H*(C,End A(M)sn) — H*(C, Ay )

We call
an(M) = Tr(a(M)"™) e H*(C, As.n)
the n’th (scalar) Atiyah class of M.

Lemma 8.3.1. Assume that we have a morphism 0 : A — B of dDG-algebras and assume
that M € DGMod(A) is locally free of rank e. Put N'=B® s M. Then N' € DGMod(B) is
locally free of rank e. We have

an(N) = H"(0)(an(M))
where H™(0) is the natural map
H"(9) : H"(C, Ay ) — H™(C, By )
Proof. The commutative diagram

M AT, M(n](n)

! |

N 2N M)

obtained from Lemma 8.3.1 may be translated into saying that A(N)™ is the image of A(M)"
under the induced map

H"(C, End 4(M)yn) 224 H™(C, Endp(N)s.0)

One verifies locally that there is a commutative diagram of DG-modules

Enda(M) EEAZ Endp(N)

™| [
A - B
This finishes the proof. O
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Example 8.3.2. We explain how the Atiyah class constructed in §8.1 fits into this frame-
work. We define A as the De Rham complex (ALF, d) and put it in degrees (0, *). We define
M=AReéE.
The Atiyah class Az (E) dof A(M) now becomes an element of
Extér(A) (M, M(1)) = Extgr(A) (Ao &, (A®e £)(1))
= Ethr((’))( ) (“4 ®o g)(]'))
= BExty (&, L ®0 &)
It is easy to see that Az (E) € Exty (€, L* ®o &) represents the part of degree zero of (8.3).
This is
0L R0E— T LRE - E—0
Hence A, (E) coincides with our previous definition. It is easy to deduce from this that we

also get the same a, £(£).

8.4. Atiyah classes from jet bundles. We assume we are in the setting from §8.1. As
outlined in the previous section we will work with bigraded sheaves.

We first consider the £o-De Rham complex AL3 as a dDG-algebra concentrated in degrees
(0, %) with d = 0. We then let C' be a commutative DG-algebra such that JL is equipped
with a flat C-connection V. Thus (C ®o, JL,V) becomes a DG-algebra (actually a DG-C-
algebra). From Lemma 4.3.6 we obtain a morphism of dDG-algebras

0:(N\L5,d=0)— Qoge, ac/0
If we set M = ((AL}) ®o, L,d = 0) € DGMod(AL},d = 0) then we obtain from Lemma
8.3.1 and Example 8.3.2

(84) H(0)(an,c (L)) = H(0)(an(M)) = an(Qcg,, sc/c@nczM) = an(Qog,, 12/0 @0, L) -

=Y
Finally recall that (C ®0, JL£) ®0, L2 = Derc(C ®o, JL), therefore
N = (Qc®olm/c) ®c®olﬂz Derg(C ®o, JL)).
def
0

The fact that H(0)(a, (L)) = a,(N) provides a mean to compute a, (L) if we can compute
an(N'). The latter can be accomplished if we can put a connection on N (see Lemma 8.2.4)

Lemma 8.4.1. Assume that there is an isomorphism of graded C-algebras
(8.5) W:C®01J£—>C®OS/E‘
which induces the identity map C @o gr JL = C @0 SL*. Then N, as introduced above, has

a connection.

Proof. We use the 1som0rphlsm (8.5) to transport the differential V (defined on B = Lo do

JL) to a differential V on B¥ ¢ ®o SL*. Note that this differential does not have a simple

expression. As for V, we extend V to a unique differential on € » Bjc = &~ C& Qe . in such

Sc+/o
a way that it commutes with the De Rham differential dDR.
We now put

No=Derc(B)=B&o L and N =Qp,,®5No=0p5,c%0L.
The isomorphism (8.5) between B and B yields isomorphims between Qp,c and 2z /O

between Ny and Ny and between A" and N. We can now define a connection on N =
QB/C ®o L by putting

dg(b®1) = dpr(b) ®1
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It is easy to see that this is well-defined. Transporting accross the isomorphism N =2 N
yields a connection d on N. O

The DG-algebras C°°*%£ and C*F:£ are equipped with a canonical map AL* — Ce0ord:£
and AL* — C*HL as follows from the definitions in §5.2.1 and §5.3.

In addition condition (8.5) applies with C' = C*#£ and C' = C°°*4£ see (5.13). We have
natural morphisms

x 0 5 P S 5
/\LZ N Caﬂ,ﬂ ®(91 QJE/Ol N Ccoord,ﬁ ®(91 QJE/Ol é} Ccoord,ﬁ & QF/k

Below we decorate notations referring to C*H£ and C°'%% by superscripts “aff” and
“coord” respectively. For example we define N and A¢°°d like A in the above discussion
where we replace C' by C?f:£ and Ccoord.£,

Proposition 8.4.2. Write the Maurer-Cartan form (see (5.6)) as
w = Znawg&

with 1y € (C°"4L), | Wi € F. Then we have as elements of compleves

() (an(N*1)) = Ta(E")

where Z is the matrix with entries
> Nadp(0jw))
«

Furthermore as cohomology classes we have
(8.6) H(6)(an,c(L)) = an(N*1)

Proof. The identity (8.6) is (8.4).

We can use the canonical connection on N and A" exhibited in the proof of Lemma
8.4.1 to compute a, (N?1) and a, (N°°'?) (using Lemma 8.2.4). Since these connections are
compatible we get

an(N°°) = ¢ (an(N°T))

as elements of complexes.
We now compute a,, (N°°'?) explicitly. We have identifications (e.g. (5.14) and (5.15))

Ccoord,[, ®(91 JL = Ccoord,[, ®(9 5/121 ~ Ccoord,L ® Ja
Using these identifications we have

Ncoord _ Ccoord,[, ®(9 Q@/(’) ®O L= Ccoord,[, ® Qr ® Z k81

where 0; = 9/0t;. We have
D1y 02 € O Qo L C OO Qo Uiz 1 G0 L
and since dyseoora is zero on O 4L @ n £ we deduce
choord (al) = 0
For further computation we use the identification

Ncoord _ Ccoord,ﬁ ® Qp ® Z kO;

where dprcoora acts as

choord (C®w ® 87/) = (_1)|C|C® de ® 671
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Remember from §5.2.1 that the differential d geoora = V™ on C°" L0 2 Q peoora jcreoord,
is given by
dccoord,ﬁ ® ]. + Z T]aw(ll 81
where we think of 0; as a Lie derivative. We compute
JNcoord (aj) = [dccoord,L ® ]. + Z 'I’]awa 87;, 8]]

= Z(naajw?)@

and hence
R_/\/'coord (8]) == — (choord di/\/'coord + d_/\/'coord di/\/'coord ) (8_])
_choot'd (Z Na (8ng)8i)

= 1adp(0jwh)0;

Thus p(a, (N°°)) = Tr(Z") where = is as in the statement of the proposition. This finishes
the proof. O

9. THE KONTSEVICH LOCAL FORMALITY QUASI-ISOMORPHISM

9.1. The L. -morphism. In this section we assume that k contains the reals and we de-
scribe the exact form of the Kontsevich local formality morphism.

As above let F' = E[[t1,...,tq]] and Tholy(F), Dpoly(F) are respectively the Lie algebras
of poly-vector fields and poly-differential operators over F. We equip Tpoly (F') and Dpety (F)

with the shifted Gerstenhaber structures introduced in §4.2.2. For v € T, (F) we put

'7i17...’in+1 = <dti1 ARSRNA dtin+1 ) ’7>

where (—, —) is the pairing introduced in (4.2).
The Kontsevich local formality isomorphism U : Tpo1y (F) — Dpoty(F) is defined as follows.

We put
Up=> > Wrlp
m>0T€CGn m

where the Wt are some coefficients to be defined below and where G, ,, is a set of directed
graphs I' described as follows

(1) There are n vertices of the “first type” labeled by 1,...,n.

(2) There are m vertices of the “second type” labeled by 1,...,m.

(3) The vertices of the second type have no outgoing arrow.

(4) There are no loops and double arrows.

(5) There are 2n + m — 2 edges.

(6) All edges carry a distinct label..
For use below we also introduce Gy, which is defined in the same way except that the
number of edges of the graphs should be equal to 2n + m — 2 — €. The number of edges in a
graph is denoted by |T'|.

For a vertex v of T" we denote the incoming and outgoing edges of v by In(v) and Out(v)

respectively. Let I'; be the vertices of the ¢’th kind for ¢ = 1,2. Let v; € Tpo1y(F) and put
ki = |vi|. By definition Ur(v1 - - - vn) is zero unless |Out(é)| = k; + 1. In that case

Ur(v - yn)(fre fm) = | | aﬁ"'ard'yil.”%vﬂ I I Oty -+ O fo
vely vels
In(v)=r1,...,ra In(v)=t1,....,te

Out(v)=s1,...,5ky +1
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where we assume that the ordering on the labels s; - - - sq is such that s; < -+ < s, 41.
The coefficients W are defined as integrals over configuration spaces. Let H be the upper
half plane and let R be its horizontal boundary. The group

GY ={z—az+0b|a,beR,a>0}

acts on HUR. C,f, is the quotient Conf:{’m/G(l) where Conf::’m is the space of configurations
of n distinct points pq,...,p, in ‘H and m distinct points ¢1,...,¢, in R such that ¢; <
-++ < gm. The manifold C;, will be oriented as follows (see [1]). One puts p; in a fixed
position and uses the coordinates of the other points to identify C:; m With an open subset
of the affine space A = C"~! x R™. One then transfers the standard orientation on A to
Chon

For I € Gy, jm,c put

= N doe

ec{edges of I'}

where the (multi-valued) function ¢, on C;f,, is defined as be/2m where ¢, is computed as
in the following image

Thus if e is an edge in I' from p to ¢ then we embed e as a line in the hyperbolic plane H
and we measure the angle ¢, in the counter clockwise direction as indicated in the drawing.
The ordering of the edges in the product A, d¢. is first according to the ordering of the
starting vertices in the set I'; (the ordering is by label) and then according to an arbitrarily
chosen but fixed ordering on outgoing edges.
Now we put®

9.1) Wy = (_1)|F\<\r|—1>/2/ K
C'/t'm

One easily sees that the product Wrlr is independent of the chosen ordering on outgoing
edges.

Assumen = 1. In that case G ,,, contains only one graph I'g and kp, = (—1)™(m~1/21 /m|.
Furthermore

Ur (V) (frs- s fm) =705 fre w03, fim
= (df1 - dfm,7)

where (—, —) is as in (4.2). Hence

92 U)o f) = ("Dl )

It is easy to see that U coincides with the HKR map Tpory (F') — Dpoly(F) as defined by
(7.5).

8This definition differs by a sign from Kontsevich’s definition. Kontsevich’s definition necessitates an
unpleasant sign change in the definition of the Lie bracket on Tp1y (F) (see [1]). Moreorer this sign change
destroys the Gerstenhaber property of Tyo1, (F). A tedious computation shows that with our definition no
sign changes for the Lie bracket are necessary.
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9.2. Compatibility with cupproduct. Let C' be a commutative DG-k-algebra (equipped
with some topology). Then we may extend U to an L,-morphism

Z;{ : C®Tpoly(F) - C® DPOIY(F)

Assume now that we have a solution w = }°_ naws to the Maurer-Cartan equation in
(Cr® T}?Oly(F)). By property (P4) we know that U (w) is a solution to the Maurer Cartan

equation in C' & Dgoly(F)). It will be convenient to denote U; (w) also by w.
Under suitable convergence hypotheses we know that there exists a twisted Lo,-morphism

(see §7.2)
Uy : (C & Tpoly (F))w — (C & Dpoty (F))e

Kontsevich sketches a proof that U, commutes with cup product up to homotopy.® A more

detailed proof in the slightly restricted case that w € T;OIV(F ) (i-e. a Poisson bracket) was

given in [21]. In [23] it is even shown that U, can be extended to an A.,-morphism (this is
again in the case w € Ty, (F)).

For the benefit of the reader we will state a result below which will be sufficient for the
sequel. It can be obtained by copying the proof of [21], taking into account our modified
sign conventions.

It is well known that C,f can be canonically compactified as a manifold with corners

Cit o [18]. Let Coo = 0;0 (the “+” is superfluous) be the “Eye” as in the following figure

- 1

The upper outer boundary is where p; approaches the real line, the lower outer boundary
is where py approaches the real line. The inner boundary is where p; and ps approach each
other, away from the real line.

The right corner is the locus where p1, p2 both approach the real line with p; to the left
of ps. Following Kontsevich [18] we have indicated a path ¢ : [0,1] — C2+,0 from a point on
the inner boundary (labeled “0”) to the right corner (labeled “17).

Next we consider the map

F C;:m — 02,0
which is given by projection onto the first two points. One may show that this map can be
extended to a map

F . C_';:m — 02,0
and we put Z,, ., = F71£([0,1]). We orient Z by the normal dn (as indicated in the above
figure).

For I' € Gy, ;m,1 we put

W = (_1)\r|<m—1)/z/ .
Zn,m

After a tedious computation, mimicking [21], we obtain the following.

9Kontsevich’s proves this in fact for general solutions of the Maurer-Cartan equation in C & Tpoly (F).
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Proposition 9.1. For a, 3 € Tyoy(F) we have as maps from (C & Tpoy(F))2 to (C ®
Dypoly (F))w

U1 () Ul 1(B) — Us1(aU B) + d(H(a, B)) — H(dew, B) — (—1)1*T H(a,dB) = 0

where

93) Hap) = Y () Tl ape )

|
n,mZO,FEGn,m,l ( 2).

(the operators Ur are extended multilinearly to C ® Tpoly(F')). In particular Z;{U,J commutes
with cupproduct, up to a natural homotopy.

10. PROOF OF THEOREM 1.3

In this section we will initially assume that k contains the reals and we let the local
formality morphism ¢ in (7.4) be the one defined by Kontsevich (as in §9).

10.1. The local case. Combining the Lo,-morphisms (7.11)(7.9)(7.10)(7.12)(7.15)(7.13) we
obtain a commutative diagram

(10.1)

Th2

by (R2) —— Ty catt, £ (CV0F @, L) ——= T, 1 ceoora, 1 (C¥7 @y TL) ———= (0 F @ Tory ().

Lo Caff,L(Caff’L®R1 JL) - D choord,L(Ccoord’L(@Rl JL) ? (Ccoord,L®Dpoly(F))w

poly

DX2 (Ry) —> D

poly, poly

where the horizontal maps are strict morphisms (i.e. the only the first Taylor coefficient is
non-zero).

Our aim is to sheafify diagram (10.1) and to look at the result in the derived category of
O-modules. To determine the result it is sufficient to understand the (—); part of (10.1).
Le.

L aff, L coord, L 3 = 5
Ty (R2) ——= Toy catt, £ (C™0F®p) JL) —— T, ceoora, £ (CO7 @Ry JL) ——= (C"F @Tpo1y (F))w

D2 (Ro) —— Do catr, L (C*F @  JL) —— D0 ceoord, 2 (CTN @Ry JL) —— (C" @Dy (F))w

Lo
poly
Lemma 10.1.1. The map Vi : T, cairn (C*L Qg JL) — Doy catt.r (C*HL &g, JL)
commutes with the Lie bracket and the cupproduct up to homotopies which are functorial for
algebraic Lie algebroid morphisms which satisfy (7.2).

Proof. For the Lie bracket this is clear since Vi is obtained from a L..-morphism.
For the cupproduct we need to show that the homotopy H defined by (9.3) descends to
a map Tyl care (C*E Qg JL)? — Doy g (C*E &g, JL). This is a computation
similar to the proof of Proposition 6.4.1 combined with (5.7). We need the the following
version of (P5).
o Wrlr(ye) = 0 for ¢ > 3 (g being the number edges of the “first type” in T') and
v € gly(k) C TPoW-1(F).
This is proved in exactly the same way as (P5). See [18, §7.3.3.1]. O

We will now evaluate the formula for 7, 1 () where we assume v € Tpory (F).

Z;{w,l('Y) = Z

Jj=0

1 -~ .
ﬁujJrl(WJ'Y)
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We may write
w =DMt
«@

with 7, € C§°°* and w, € T,

poly(F). Below we suppress the summation sign over o. Thus

Z;{j+1(wj7) = Na ~ naluj+1(w(¥1 o 'W%"Y)

To understand the (absence of) signs in this formula we note that we consider U as a degree
zero map SV ((CU L @ Tor (F))[1]) — (C"HL & Dpory (F))[1]. Thus w has even degree
when appearing as argument to U. However the w, as argument to U have odd degree. By
contrast the degree of the 7, is unchanged.

We need to enumerate the graphs contributing to the evaluation of U 1(wa, - wWa;7)-
We need to consider the following type of graphs.

(1) There are j vertices labeled by wq,, . ..,was,;. These have 1 outgoing arrow.
(2) There is 1 vertex labeled  which has p + 1 outgoing arrows.
(3) There are m = p — j + 1 vertices labeled by elements f1,..., fim € F.

The edges leaving ~ are ordered by their ending vertex where we extend the implied ordering
of vertices of the first kind to all vertices via wy, <+ <wq,; <7< f1 <+ < fin.

Since there are no loops and double edges we find that 7 is connected through an outgoing
arrow with all other vertices. It remains to allocate the j arrows emanating from the vertices
labeled w,.

Recall that by [Ko, §7.3.1.1 §7.3.3.1] that Wr is zero if I' contains one the following
subgraphs.

P
q
(10.2) !
P
q
(10.3) r
v
q
(10.4)

where ¢ has no additional incoming or outgoing vertices.
If there is an w, which does not have an incoming arrow from another w, then we are in
one of the situations (10.2)(10.3) or (10.4) and hence Wr = 0. The remaining graphs are of
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the form

(10.5)

where o is a permutation of {1,...,5}.
Let us define X, as the following “opposite wheel”

k-1

and put Wi, = Wy, . To fix the sign we order the vertices according to their labels and the
outgoing edges of the central vertex according to their ending vertex.

Now we compute W and Ur for a graph as in (10.5). First we consider Wr. Assume that
there are s wheels of size [y, ..., [ respectively.

Write g; for the the edge emanating in w,, fori =1,..., 7 and e; for the edge connecting =
towg, fori =1,..., . Finally write h; for the edge connecting vy to f; fori =1,...,p+1—j =
m. Then

Wr = (_1)(m+2j)(m+2j—1)/2 /d¢g1 codg,dge, -+ de,dn, - ddn, .,
To evaluate the integral we may put + in i € H. This reduces the symmetry group GV to the
identity. We may clearly choose the ¢, freely apart from the fact that ¢p, < -+ < ¢n,,,_;-
Thus we get
4 . 1
Wr = (_1)(m+2j)(m+2j 1)/2ﬁ /d%l o ddg, doe, - doe,
m i) (m j— 1
- (_1)( +27) (m+2j 1)/2%/61%6(1) coodeg, oAb, - de, )
m ))(m j — 1
- (_1)Zp<qlplq(_1)( +24) (m+2j Wzm/d%m) o dg, oAb,y Ao,
= (—1)Spealela(_1)mHm2i-0/2 ) Eeei-n/2 Ly gy
m/!
- (_1)Zp<qlplq(_1)(m+2j)(7n+2j—1)/2(_1)ji'v[/ll 7
m/!
where in the last line we have used the identities (2/(20 —1))/2=1lmod2 and ), l; = j.

Now we compute Ur (wa, - - wa,;Y)(f1,- .., fm). We are short of symbols so we use the same
symbol for an edge and for its corresponding index. Of course we use the same ordering of
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the edges as above. We find
Ur(wa, = wa,; V) (f1s- s fn) =
9o 9o 9o ceeihycho,
(8%(1> 89001)‘*’%((11)) )(860(2) 8%(1)‘*’%((22)) )(860(3) 8570(2)‘”%((?)) T (8h1 fl t 8hm fm)’Yel e

We need a more concise way of writing this. Let =, be the matrix of 1-forms d(d;w)) =
Ok0; (wl))dt*. Then Ur(we, - - “Wa,; V) (f1,- -+, fm) is equal to

(_1)J<TY(EOLU(1) t Eag(h)) e Tr(Eo‘u(llerJrls_lJrl) e Eaa(l1+~-+ls_1+ls))dfl t dfma ’Y>
= (_l)g<df1 o 'dfma Tr(Eaa(zl+---+zS,1+zs) o 'Eaa(zl+---+zs,1+1)) o 'Tr(Eaa(zl) o 'Eaa(m) A ’Y>

= (17"

m! HKR(Tr(Ea(,(Zl+...+1871+ZS) e 'Ea”(ll+...+1371+1)) e Tr(Eaa(zl) e Eaa(l))/\’Y)
(fir-- s fm)
where the first equality follows from (4.3) and the second equality is (9.2). So

Ur (Wa, +wa;) =
m(m—1)

(=1)7(=1)" = m!HKR(Tr(
Put

Bty 4oty 1410 Beoyttty_y4n) T T Eanqyy By )AY)

Z;{F(wj’)/)(flv R fn) = Noy - 'nalur(wal v 'wajly)(flv sy fWL)
An easy computation yields
U (W) = (—1)70=D/2(—1)mm=D/2p | HKR(Tr(Z) - - - Tr(E) A7)
where we have extended — A — and HKR(—) to operations over C°°°*%X and where Z is the
matrix 7,d(0;wd) of elements of C$°°* @ QL. The entries of = have even total degree so the

traces Tr(Z!) commute.
Now note the following simple identities

iG-1) QoW L—1) N Li(l; — 1)
= > =D Ll

2 — -
1<jJ 7
27 27 —1 -1
(m+ ])(77214- j ):m(m2 )+j od?

Collecting all signs we deduce
Wrldp (W) = (—1)2: G027 oW HKR(Te(ER) - -~ Tr(ER) A y)
Putting temporarily
X; = (-1)'D2w (=
we find ) ‘
Wridr (w’y) = HKR(Xy, -+ Xi, A7)
Now we have to enumerate the number of possible graphs I'. Ordering the size of the wheels

in increasing order we get a partition 7 = (1---1---r--.7) where i occurs 7; times. The
number distinct graphs corresponding to such a partition is

4!
’7'1!---7',’,!]_7—1...717",«
Thus we find that
1 1 ‘ 1 T T
D Gt = D g HKR(TXS - A)

]20] T1,7T2,...

Formally we have
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so that we find

Z Z/IJ_H wln) = HKR(eX1HX2/21 A 5)
]>0
So if we put

o Z 1)li- 1)/21W”l

then
Z Z/IJ_H wly) = HKR(e™(®) A7)
]>0
= HKR(det(e®) A )
This formula was proved under the assumption that v € Tpo1y(F'). However by linear ex-
tension it follows that it remains true if v € C°"4L @ Ty, (F). Thus our final formula
is

(10.6) U, = HKR(det(e®) A —)

We now analyze the series © is more detail. A tedious but elementary computation using
Stokes theorem shows the following

Lemma 10.1.2. [31, (1.1)] We have

(10.7) W, = —(—1)HD2g,
where B, is the n’th modified Bernouilli number 8,, which is defined by
a:/2 —x/2

Z ﬁla: log %

A result similar to (10.7) was announced by Shoikhet [27, §2.3.1]. It can presumably be
obtained from the methods in [26].
Substituting we find

and hence

(10.8) e® =

It will be convenient for a module N with a connection to introduce the modified Todd class
as follows

td(N) = det(G(A(N)))
where
~ x
q((E) - eT/2 _ o—x/2
It follows from Proposition 8.4.2 that the following diagram is commutative.

Tpoly’Caff,L(Oaf:Ir’L ®R1 JL) E— Ccoord,L ® Tpoly(F)

tTi(Na“)l/QAfl J/detee/\—

Tpoly’Caff,L(Oaf:Ir’L ®R1 JL) E— Ccoord,L ® Tpoly(F)
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Thus we get
(10.9) Val — HKR o(td(N2)1/2 A )
10.2. The global case. Now we globalize things. Let (C,O,L) be as in §7.4. Then it

follows from Proposition 8.4.2 (specifically (8.6)) that the following diagram is commutative

in D(O).

Tpﬁoly(o) — poly,Caff.L (Caff,L ®(’)1 J‘C)
tﬁ(ﬁ)l/Q/\fl J/t'a(Naff)l/Q/\i
TI)Loly(O) T poly,Caff.L (Caff,L ®(’)1 JL)

so that we get a commutative diagram in D(O).

T;ﬁ)ly(o) — poly,Caff, L (Caff,L ®(’)1 J‘C)
HKR(tA&(E)l/Q/\f)J( lV?ff
Dé:oly(o) T Dpoly,Cafva (Caff,L ®(’)1 JL)

where t?i(/i)l/ 2 is as defined in the introduction. Since the horizontal isomorphisms as well as
Vafl are Gerstenhaber algebra morphisms (Lemma 10.1.1) the same holds for HKR(td(£)Y/2A
—) as well. This finishes the proof of Theorem 1.3 in the case k contains the reals and the
Todd class is replaced by the modified Todd class.

10.3. Proof for the ordinary Todd class. We have

td(£) = td(L) det(e~A£)/2)
=td(L)e” Tr(A(L))/2

= td(L)e(£)/2

—a1(L)/4 (O)

A — defines an automorphism of T'%

In other words it is sufficient to prove that e poly

as a Gerstenhaber algebra in D(X).

We may as well prove that e~ T(3)/4 A — is compatible with the Lie bracket and the
cupproduct on C°° @ Ty, (F) or equivalently that Tr(Z) A — is a derivation for these
operations. We have Tr(Z) =3, Nad(Dws). Put by = >, d;w,. Since everying is C<0ord:£
linear it is suffient to prove that db, A — is a derivation for the Lie algebra and cupproduct
on Tpoly (F).

Since this fact is clear for the cupproduct we only look at the Lie bracket. For D, FE €

T . (F) we have

poly
dbo A [D, E) = [D, E](b)
= D(E(ba) — E(D(ba))
= D(dbo N\ E) — E(dba A D)
= [D, dbo A E] + [dbo A D, E]

finishing the proof.

10.4. Arbitrary base fields. Now we let k& be arbitrary (of characteristic zero) and we
choose an embedding k C C. Tt follows from the formulas (10.6) and (10.8) that U, ;, while
initially defined over C (R in fact), actually descends to k. We will denote the descended
morphism by .

Now note the following.
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Proposition 10.4.1. (1) There exist wr € k for I' € Gy, n, which are zero when Wr is
zero, such that for

o, B) = Z wrldr (afw™ %)

n,m>0,I'€Gpn,m

we have
(10.10) fu(a), u(@)] - ulla, B)) + d(i(a, B) - 1(da, B) — (~1)!*1(a, dB) = 0
(2) There exist wr € k for T' € Gy, n1, which are zero when Wp is zero, such that for
ha,f)= Y. drlp(afw"?)
n,m>0,T€Gn, m 1
we have
(10.11) u(e) Uu(B) — u(a U B) + d(h(a, 8)) — h(da, B) — (—1)*h(a, dB) = 0

Proof. The equations (10.10)(10.11) are linear in wr, wr. By the fact that U, is a Leo-
morphism and Proposition 9.1 there is a solution over C. Hence there is a solution over k
(for example obtained by applying an arbitrary projection C — k). O

We can now proceed as in §10.1,10.2 (using an analogue of Lemma 10.1.1) to construct a
commutative diagram

T2 (0y) — T, 1yycaff,£(caff7£®(91 JL) —— Tpoly)ccoord,ﬁ(Ccoord7£®ol JL) —— (C" L QTho1y (F))w

poly po.
lvaff lvcoord lu

£2 (0,) — > Dy catf.C (C*ERp, JL) ——> D, 1y, ceoord, £ (Ceoor LR, JL) —= (C" YL QD yoty (F))w

Dpoly

where v*f commutes both with the Lie bracket and the cupproduct up to a global homotopy.

Using the fact that the formula (10.6) continues to hold
u = HKR o(det(0©) A —)

we can now continue as in §10.2 to finish the proof of Theorem 1.3.
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